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Supplementary Figure 1 | Theoretical calculation of polarization dependence of SHG

intensity in rBN and lithium niobate (LN). a, Evolution of SHG intensities with the FW
polarization state (ellipticity) traverses from linear to circular. b, Evolution of SHG intensities with

the direction of linear polarization of FW in rBN and LN. Both two figures are normalized to the

SHG intensity under vertically polarized laser excitation.
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Supplementary Figure 2 | Transmittance of fibre/rBN/fibre structure under varying crystal

thickness. a, Schematic of the sandwich structure of vdW crystals embedded between two fibres.

b, Calculated transmittance as a function of rBN thickness.
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Supplementary Figure 3 | Homemade in-situ twist fibre transfer system. a, Schematic

diagram of the system. The incident light of w is transported through optical fibre and interacts
with the rBN flakes. Generated SHG signal 2w is collected and detected by a spectrometer. The

relative twist angle between rBN flakes is controlled by a rotation motor with SHG intensity

monitoring. b, Front view of the main setup. I: Thorlabs Cerna®-based cage system, used for

imaging, collecting signals through the objective into the spectrometer. II: A Prior motorized XY
stage (ProScan H117E1N4) and controller, enabling precise planar (XY) movement of the upper-
flake material to be transferred. ¢, Detailed view from underneath. III: A custom five-axis
translation stage, used to hold, spatially move and tilt the optical fibre. IV: A three-axis translation
stage combined with Thorlabs” K10CR2/M Stepper Motor Rotation Mount, providing coaxial
rotation of the fibre for twist experiments. d, Detailed view from above. V: A dedicated fixture
mounted on the Prior stage, used to secure the holder of the upper-flake material. VI: A fibre clamp

assembly, designed to keep the fibre firmly in place.
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Supplementary Figure 4 | Nonlinear spectral comparison between rBN-integrated fibre and

bare fibre. Using a 1560 nm pulsed fibre laser as the excitation source, the laser (peak intensity
of 2 GW/cm?) is coupled into the encapsulated fibre/rBN/fibre device. A strong SHG peak at ~780
nm is observed, along with a weak third-harmonic (THG) signal at ~520 nm (top panel). Under
the same condition, the bare fibre (bottom panel) shows only a weak THG signal generated with
~1 m length, without any detectable SHG. The inset zoomed-in the spectral region near 780 nm,

confirming the absence of SHG in the bare fibre.
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Supplementary Figure 5 | AFM characterization of rBN thickness. a, ¢, e, and g, AFM

mapping images of rBN flakes. b, d, f, and h, the corresponding height profiles measured along

the blue arrows. Across these samples, the thickness fluctuation remains within 2%.
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Supplementary Figure 6 | Illustration of the physical picture of global optimization (N =

5t =0.4L.) and quasi-phase-matching (N = 2,t = L.). a, Effect of linearly polarized
excitation is divided into two circular components (E~and E™). The equal-magnitude orange, sage
green, blue, magenta and earthy green vector represents the five flakes in sequence. For this certain
situation, the left circularly polarized component (E7,, ) is maximized through rotation angle serials
leaving a minimum E3,, = 0. b, In Quasi-PM, the twisted angle between the layers is 60°. Under
these conditions, the SHG intensity of two circular components (E5,, and E3 ) are equal. Assume

the length corresponding to L. (the diameter of the circle) is 1, the calculated SHG intensities

Ig1obal and Igy,si are 8.64 and 8, respectively.

g
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Supplementary Figure 7 | Numerical calculation of thickness and angular deviation effects

on the local and global optimization schemes. a, Calculated SHG for the local optimization
(0°,0°60° 60° 0°) with each flake (0.4L. = 1.7 pm) contributing a thickness deviation (pink
error bars represent the minimum and maximum of 40 points uniformly sampled from —20 nm to
+20 nm, and blue error bars represent the minimum and maximum of 100 points uniformly
sampled from —50 nm to +50 nm). b, Corresponding calculations for the global optimization
(0°,24°,48°,72° 96°) approach under the same deviation conditions. ¢, Calculated SHG for the
local optimization with each flake contributing an angular deviation (pink error bars represent the
minimum and maximum of 40 points uniformly sampled from —2° to +2°, and blue error bars
represent the minimum and maximum of 100 points uniformly sampled from —5° to +5°). d,
Corresponding calculations for the global optimization approach under the same deviation
conditions. The error bars highlight how small thickness and angular deviations in each flake

influence the overall second-harmonic response.
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Supplementary Figure 8 | Refractive index dispersion curve and coherence length at

different excitation wavelengths. a, Dispersion of the refractive index for BN (ref. 45). b, The
coherence length at different excitation wavelengths for SHG and SPDC processes in rBN is

calculated according to the refractive index dispersion.
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Supplementary Figure 9 | Schematic diagram of encapsulating twisted rBN between two

fibres. a, Fix the fibre on the left side, connect the laser, and directly detect the incident power. b,
Align two fibres using multi-axis stages to achieve a maximum transmittance. ¢, UV curing resin
coating. d, UV light curing encapsulation. e, FW and SHG coupling efficiency at different steps.

In total < 10% insertion loss can be observed.
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Supplementary Figure 10 | Photo of the integrated twisted rBN optical fibre excited by 1064

nm incident light. The excitation light is coupled into the optical fibre by the Nikon objective (20

110  x, NA=0.30). Twisted rBN at the output end of the fibre generates a bright SHG (532 nm) beam.
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Supplementary Figure 11 | Working bandwidth of twisted rBN integrated fibres.

Considering the chromatic dispersion of rBN at different wavelengths and the corresponding
coherence length, the global and local optimization fibre with a total thickness of 8.5 um (2L, of
1064 nm) are calculated, where the green line is the global optimization, and the orange line is the

local optimization.
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Supplementary Figure 12 | Twisted rBN/graphene heterostructure integrated on fibre end

facet. Optical image of 10-layer graphene and 4 flakes twisted rBN on the fibre end facet.
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Supplementary Figure 13 | Optical spectra of FW and SHG emitted by all-fibre SHG pulsed

laser. a, FW signal at 1560 nm with FWHM (full width at half maximum) of 16 nm. b, SHG signal

at 780 nm with FWHM of 23 nm.
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Supplementary Figure 14 | Autocorrelation of direct output from all-fibre pulsed SHG laser

based on the heterostructure integrated fibre. Autocorrelation trace without DCF compression

with FWHM of ~1 ps fitted by a Gaussian function, corresponding to a pulse duration of ~0.7 ps.
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130  Supplementary Note 1: Theoretical calculation of SHG conversion efficiency of rBN flakes

Here, we employ the coupling wave equations in the slowly varying amplitude approximation

as follows (we assume the light propagates along the z-axis):

0AQCw) 2w —-i(k(2w)z—2wt)
az 2gocn(2w) PNL(KZ' 2(4))6 (Sl)
0A(w) 2w —i(k(w)z—wt)
oz 2gocn(w) PNL(KZ' w)e

where A, ¢, n, Py and k represent the complex amplitude of electric field, the light speed in
135  vacuum, the refractive index, the nonlinear polarization and the wavevector, respectively. The up
and down panels in Equation (S1) are for the fundamental and second harmonic waves,

respectively, Py (K5, 2w) can be expressed as
Py (K2, 20) = PP (20) = ggx P (—20, w, w): E(w)E(w). (52)
For rBN, the second-order nonlinear susceptibility tensor Xjjx can be written as

0 0 0 0 Xis —Xz2
140 —X22 X22 0 X1is 0 0 . (SB)
X3t X31 X33 O 0 0

Since the polarization of fundamental wave is in the xy-plane, we ignore the z-component,

and the non-vanishing tensor elements are

X(Z) = Xyyy = Xxyx = “Xyxx = ~Xxxy- (84’)

Where the armchair and zigzag directions lie along the x and y coordinates, respectively. Thus,
145  the second-order polarization can be written as P, = gox®(E2 — E2), P, = —2eox PE,E,,. To
facilitate calculation, we perform coordinate transformation in this article, as following, P =

(P_,P)T = (P —iP,, P +iP,) /N2 ,E = (E_,E,)" = (E, — iEy, E + iE}) /V2.
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Considering the undepleted pump approximation, which means to ignore the second equation
in Equation (S1) and let A(w) be constant, we finally get the intensity of the SHG (T is the

150  thickness of rBN and [;,, (w) is the intensity of the fundamental wave) as

.o (AKT
1Qw) = 2”@y e 2 ) %) (S5)
c3egn?(w)nRw) AKT\?
2
And the SHG conversion efficiency is expressed as
AKT
2
Loua 200) 200 e sin? (5)
= = NI 2\ & J
M6 = @) - Seome) &) @O e 69
2

With the measured nonlinear coefficient x® of rBN as about 30 pm V!, the theoretical
155  conversion efficiency is ultimate obtained to be 1.6% at a coherence length (4.25 um) of 1064 nm
excitation light. For quasi-phase-matching, the theoretical value of the conversion efficiency at

twice the coherence length (8.5 um) is 6.4%.
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Supplementary Note 2a: SHG output intensities and the stacking twist angle strategy in two

flakes.

160 In this Note, we define I,;,(I;}), and E,;,( E;}) are the left (right) circularly polarized SHG
intensity and optical electric field strength in the single n*" flake. Iy .( I§ n)» and Es o ( E§ n) are

the left (right) circularly polarized SHG optical field and electric intensities in the total n flake.
So, the electric field and optical field intensities of SHG in two flakes can be expressed as

Ly = I + Iy (87)
165 I, < |Ef,|’ (S8)
According to the geometry as demonstrated in Fig. 2b and cosine theorem, the electric field
intensity of SHG can be expressed as
|Efo|” = |EE + [E5| -2 |ES| - |ES] - cos(a + 36) (s9)
Based on the trigonometric function and angle formula, we can get

170 EX,,|" = |EE]” + |EE|" — 2 |E| - |EZ|(cos(a) cos(36) F sin(a) sin(30) )  (S10)

Where a is the angle between the E; and E, vectors when there is no twist, 6 is the twist
angle of the first flake and the second flake. Since |E £2| = |E 12 |, we can according to (S8 — 10)

simplify (S7) to the following formula.

1,4, < —cos(a) cos(36) (S11)

175 When the two flakes' total thickness is fixed, the value of « is also determined accordingly.
When a > 90°, the angle between the E; and E, vectors are obtuse, cos(a) is a negative value,

when 6 is 0°, I takes the maximum value. Similarly, when a < 90°, when 6 is 60°, I takes the

maximum value.
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Supplementary Note 2b: Proof of the twist angle is only 0° or 60° when stacked flake by flake.

For this part, we use mathematical induction to prove. First, we prove that the twist angle 6,
must be 0° or 60° when the two flakes, which has been proved in Supplementary Note 2a. Then

we assume that for any flakes n > 2, the twist angle 6, is 0° or 60°, which physical expression
is the 6,, between the total vector of the n flakes Ey ,_; and the n*”* flake E,, is 0° or 60°. With the

assumption of the Induction Hypothesis in hand, we conclude that the SHG electric field intensity

when the n + 1 flake is the following
B3 sl = |ESW|" + |Ex [ (s12)

Similar to Supplementary Note 2a, according to the cosine theorem and trigonometric

function and angle formula, we can get the electric field intensity to be
2 2 - . .
I§n+1=|E§n| +|E$+1| -2 |E§n| . |Eﬁ+1|(cos(cxn+1) c0s(36,,41) F sin(a,4+1) sin(36,,41) )

(S13)

Where a,,; is the angle between the Ey ,, and E,; vectors when there is no twist, 6,1 is

the twist angle between the total vector of the n flakes Ey,,_; and the nt" flake E,,, which is 0°

or 60°, we can get |Ein| = |E§n|. In addition, |E;,,| = |E},|, we can simplify (S12) to the

following formula

12n+1 S —cos(a:n+1) COS(39n+1) (S14)

According to the angle of a,,,; we can get the maximum intensity in 6,4 at 0° or 60°. In

summary, we can get that for any n, 8,, is only 0° or 60° to get maximum SHG intensity.
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Supplementary Note 3: Stacking sequence of local optimization in thickness of t.

The stacking sequence of local optimization can be summarized as {Nl, Ny, -, Nq}, This is

an increasing sequence and each item is a positive integer, each item in it represents which flake

needs to have a twist angle of 60° relative to the previous flake. For the thickness t of each flake,
the sequence {Nq} can be obtained recursively according to the following inequality, for each N,

ensure that it takes the smallest integer that can be obtained, and N; >2.

According to the above description, we can get that if there are no twist angle in the first N —

1 flakes, and there is(isn’t) a relative twist angle for the Nt flake, the SHG intensity is as follows

N-1 2
Igwist =A2.( 2. (e—iAkzi) — g ibkzy (515)
i=1
N 2
Izlw twist — g2.( 2. Z(e—iAkzi) (S16)
i=1
Where A = % E? (1 — e‘mkt), E, is the incident light intensity along the x direction,

z; is the coordinates of the i*" flake. Simplifying the above formula, we can get the position N of

the first twist angle that satisfies

|1 _ De—iAk(N-DEt 4 e—iAth' > |1 _ e—iAth| (S17)

Following the first flake, we can obtain the {Nq } from the following inequality

p=q p=q-1
142 ) e-ibk(Np=1)t . (_1)p — g=ikNgt| > [1 4 2 Z o= ibk(Np=1)t . (_1)P 4 oibkNgt
p=1 p=1
(518)
For example, when t = L., we can get the sequence {2,3,4,:- }, which means each flake,
starting from the second flake, needs to have a relative twist angle with the previous flake. when
t = 0.5L., we can get the sequence {2,4,6,:-} or {3,5,7,::- }, which means each even(odd)-
numbered flake starting from the second (third) flake needs to have a relative twist angle with the

previous flake.
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Table 1 | Comparison of photon-pair generation via fibre end facet SPDC and

various fibre FWM schemes

rBN fibre Dispersion Photonic Micro/nano- Birefringent
(This work)  shifted fibre'>  crystal fibre® fibre* fibre’
Mechanism SPDC FWM FWM FWM FWM
Effecti
cenive ~10 pm ~10-100 m ~I'm ~10 cm ~10 cm
fibre length
) 1x107° 6x 1071 2x107t 3x1072 3x107*
Brightness . . . . .
pair/pulse pair/pulse pair/pulse pair/pulse pair/pulse
CAR 144 30 48 530 130
Phase . . . . . . . e
tchi twist phase- zero dispersion dispersion dispersion birefringent
matchin
8 matching tuning engineering engineering phase-matching
method
Detuni 11-
© u'mng sma' small-detuning  large-detuning  large-detuning large-detuning
regime detuning
Filtering free-space or free-space or free-space or free-space or all-
free-space
method all-fibre all-fibre all-fibre fibre
Wavelength ultraviolet visible to visible to ..
) telecom band visible
range to infrared telecom band telecom band

220

21/23



Table 2 | Comparison of optical fibre based SHG devices

SHG Phase-
. FW SHG Interaction peak .
Device type System . matching Ref
wavelength efficiency length power .
density bandwidth
Twist phase-
matching .
1064 nm BN 4.1% 8.5 um Gvf,imz >200 nm v{gﬁ(
integrated
Nonlinear fibre
crystal PCF 5 )
integrated 800nm  embedded  0.01% 25 cm 6.7x107  Nophase-
MoS, GW/cm matching
GaSe -12
1550 nm composite 1.6x10°® 4 mm iﬁ;ignz ~120 nm ref’
microfibre
Doped fibre o ~7.5%x10%  No phase- g
1064 nm (SMF) 1.5% 50 cm GW/em> matching ref
Doped fibre 0 ~3.8x10%  No phase- g
Fibre 1064 nm (MMF) 0.05% S0 em GW/cm? matching ref
material
. . Ce-doped- 2
modification 1064 nm aluminosilic 1.5% 40 cm 2.1x10 ) No ph:::lse— ref?
ate fibre GW/cm matching
Tellurite 0 4.4x10? No phase- 10
1545 nm fibre 1.15% 25m GW/em? matching ref
Periodically 07
1542 nm poled silica 15% 32 cm GW./cmz 2.8 nm ref !
fibres
Chirped-
Fibre 1550 nm period poled 0.6% 10 cm — 51 nm ref 12
structural silica fibres
design Tilted long
1230 nm period 0.14% 5cm — 15 nm ref 3
grating fibre
Plasmon 5 o 2.0x1072 14
840 nm fibre cavity 1.6x10 GW/cm? 12 nm ref
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